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Abstract During isothermal annealing of the ferrite of a

binary Fe–C alloy in an appropriate carburization atmo-

sphere at temperatures of 1020–1180 K, the austenite will be

formed as a layer on the surface of the ferrite. The migration

behavior of the austenite/ferrite interface during the iso-

thermal carburization was numerically analyzed using the

diffusion equation describing the flux balance at the inter-

face. However, the diffusion coefficient of C in the austenite

monotonically increases with increasing concentration of C.

Thus, the composition dependence of the diffusion coeffi-

cient was taken into consideration. For the numerical

analysis, Crank–Nicolson implicit method was combined

with a finite-difference technique. According to the numer-

ical calculation, the parabolic relationship holds between the

migration distance of the austenite/ferrite interface and the

annealing time. The composition dependence of the diffusion

coefficient yields acceleration of the migration. The numer-

ical calculation satisfactorily reproduces the experimental

result of the diffusion controlling migration.

Introduction

The reactive diffusion between different pure metals or

alloys has been experimentally observed by many investi-

gators [1–51]. In such an experiment, a semi-infinite

diffusion couple may be isothermally annealed at an appro-

priate temperature where diffusion occurs considerably.

Here, the semi-infinite diffusion couple means that the

thickness is semi-infinite for the constituent specimens and

the interface is flat. Due to annealing, some of the stable

intermediate phases will be produced as layers along the

interface. If the growth of the intermediate layers is con-

trolled by volume diffusion, the square of the total thickness

of the intermediate layers is proportional to the annealing

time as long as the diffusion couple is semi-infinite [52].

Such a relationship is called the parabolic relationship. In

order to examine the characteristic features of the parabolic

relationship, the kinetics of the reactive diffusion controlled

by volume diffusion was quantitatively analyzed in previous

studies [53–60]. In these analyses, different binary alloy

systems consisting of one intermediate phase and two pri-

mary solid-solution phases were treated, and the diffusion

coefficient of each phase was assumed to be independent of

the composition. Under such conditions, the growth rate of

the intermediate layer was evaluated for various semi-infinite

diffusion couples initially composed of the two primary

solid-solution phases. Since the diffusion coefficient is only a

function of the temperature, the evaluation can be carried out

analytically.

On the other hand, the carburization of Fe was experi-

mentally studied by Togashi and Nishizawa [61]. In their

experiment, a pure Fe specimen of the ferrite (a) phase

with the body-centered-cubic (bcc) structure was isother-

mally annealed at 1073 K for various periods up to 9 h in a

carburization atmosphere with the same activity of C as

graphite. During annealing, the austenite (c) phase with the

face-centered-cubic (fcc) structure is formed on the a
phase, and gradually grows into the a phase. Since the c/a
interface migrates according to the parabolic relationship at

annealing times longer than 2 h, the migration is controlled

by the volume diffusion of C in the a and c phases.

However, the diffusion coefficient of C in the c phase of the
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binary Fe–C system varies depending on the chemical

composition [62, 63]. The composition dependence of the

diffusion coefficient influences the flux balance between

the c and a phases and thus the migration rate of the c/a
interface. However, no reliable information is available for

such influence. In this study, the migration behavior of the

c/a interface during carburization of the a phase in

the binary Fe–C system was quantitatively analyzed using

the diffusion equation describing the flux balance at the

migrating interface. For the analysis, the composition

dependence of the diffusion coefficient of C in the c phase

was taken into consideration. If the diffusion coefficient

varies depending on the composition, however, the diffu-

sion equation cannot be solved analytically. Thus, like

previous studies [64, 65], a numerical technique was used

for the quantitative analysis. The analysis satisfactorily

explains the experimental result for the diffusion control-

ling migration of the c/a interface reported by Togashi and

Nishizawa [61].

Analysis

The equilibrium phase diagram in the binary Fe–C system

was thermodynamically analyzed by Ågren [66], and then

re-evaluated by Gustafson [67]. The re-evaluated phase

diagram [67] is shown in Fig. 1. In this figure, the ordinate

indicates the absolute temperature T, and the abscissa

shows the mol fraction x of C. As can be seen, the tem-

peratures T3 and Te of the A3 c$ að Þ and eutectoid

c$ aþ grð Þ transformations are 1184.8 and 1011.2 K,

respectively. In this figure, a, c, and gr stand for the bcc-

ferrite, fcc-austenite, and graphite phases, respectively, and

xac, xca, and xcgr indicate the compositions of the a/(a ? c),

c/(a ? c), and c/(c ? gr) phase boundaries, respectively.

Let us consider a semi-infinite diffusion couple initially

consisting of a binary Fe–C alloy with the concentration

xa0 of C and a carburization atmosphere with the activity

aC of C. Thus, the diffusion couple is composed of the solid

and gas phases. In the semi-infinite diffusion couple, the

lengths of the alloy and the atmosphere are semi-infinite

and the interface between them is flat. If the Fe–C alloy

initially consists of the a phase, xa0 is located in the a
single-phase field of the phase diagram shown in Fig. 1. On

the other hand, aC is usually measured with a reference

state of graphite. In such a case, aC is equal to unity at

x = xcgr, but smaller than unity at x \ xcgr. When the dif-

fusion couple is isothermally annealed in the temperature

range of Te \ T \ T3 and aC is greater than the value

corresponding to x = xca, the c phase will be formed as an

intermediate layer with a uniform thickness of l at the

interface between the a phase and the atmosphere. Here,

the interface between a solid phase and an atmosphere is

the surface of the solid phase. The concentration profile of

C across the c phase along the direction perpendicular to

the surface of the c phase is schematically shown in Fig. 2.

Hereafter, this direction is denominated the diffusional

direction. In Fig. 2, the ordinate shows the concentration c

of C measured in mol per unit volume, and the abscissa

indicates the distance z measured from the surface. The

phase diagram in Fig. 1 is depicted with the mol fraction x,

but the concentration profile in Fig. 2 is drawn with the

Fig. 1 The equilibrium phase diagram in the binary Fe–C system

thermodynamically evaluated by Gustafson [67]

Fig. 2 The schematic concentration profile of C along the diffusional

direction across the c phase formed on the surface of the a phase
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concentration c. However, x is readily converted into c by

the relationship c = x/Vm, where Vm is the molar volume

of the relevant phase. The value of c corresponding to xa0 is

denoted by ca0 in Fig. 2. In this figure, cs is the composition

on the surface of the c phase, and cca and cac are those in

the c and a phases, respectively, at the c/a interface. For the

diffusion controlling migration, the local equilibrium is

realized at the c/a interface and the surface. Under such

conditions, cca and cac coincide with the corresponding

compositions of the two-phase c/a tie-line, and cs, cca, and

cac remain constant during isothermal annealing. Hence,

the migration rate v = dl/dt of the c/a interface is related

with the flux balance at the interface as follows [52].

cca � cacð Þv ¼ Jca � Jac ð1Þ
Here, Jac and Jca are the diffusional fluxes of C due to the

volume diffusion in the a and c phases, respectively, at the

interface. According to Fick’s first law, the diffusional flux

J/ is proportional to the concentration gradient oc/
�
oz as

follows.

J/ ¼ �D/ oc/

oz

� �
/ ¼ a; cð Þ ð2Þ

In Eq. 2, D/ is the diffusion coefficient for volume

diffusion of C in the / phase, and / stands for a and c.

If the diffusion coefficient D/ varies depending on the

composition c/ of the / phase, Fick’s second law is

described by the following equation.

oc/

ot
¼ o

oz
D/ oc/

oz

� �
¼ D/ o2c/

oz2
þ oD/

oc/

oc/

oz

� �2

/ ¼ a; cð Þ

ð3Þ

Equation 3 indicates that the composition c/ is a function

of the distance z and the annealing time t. The initial

condition is expressed by the equation

ca z [ 0; t ¼ 0ð Þ ¼ ca0; ð4Þ

and the boundary conditions are described as

cc z ¼ 0; t [ 0ð Þ ¼ cs; ð5aÞ
cc z ¼ l; t [ 0ð Þ ¼ cca; ð5bÞ
ca z ¼ l; t [ 0ð Þ ¼ cac ð5cÞ

and

caðz ¼ 1; t [ 0Þ ¼ ca0: ð5dÞ

Unfortunately, however, no analytical solution is known for

Eqs. 1–3 under the initial and boundary conditions of Eqs. 4

and 5. Therefore, Eqs. 1–3 will be solved numeri-

cally. For the numerical calculation, Crank–Nicolson

implicit method [68] was combined with a finite-difference

technique [69] in a manner similar to previous studies

[64, 65]. In the finite-difference technique, the distance z and

the annealing time t are divided into intervals Dz and Dt,

respectively, and then described as zi = iDz and tj = jDt,

respectively. Here, i and j are the dimensionless integers that

are equal to or greater than 0. The concentration profile of C

along the diffusional direction in the c and a phases at t = tj is

schematically shown in Fig. 3. In this figure, the ordinate and

the abscissa indicate c and z, respectively, and l is the

thickness of the c phase and hence the position of the c/a
interface. In Fig. 3, l is divided into grid points with a number

of n ? 1. The interval Dzc between the neighboring grid

points in the c phase is obtained by the relationship Dzc = l/n.

Thus, zc
i ¼ iDzc for 0� i� n: The composition of the c phase

at z ¼ zc
i and t = tj is denoted by cc

i;j: On the other hand, the

interval Dza for the a phase is calculated by the relationship

Dza = (L - l)/m. Here, L is the fixed position where ca is

equal to ca0 even at the longest annealing time. Hence, L

should be much greater than l. Also for the a phase, the

composition at z ¼ za
i and t = tj is denoted by ca

i;j: As shown

in Fig. 3, however, the incremental direction of i for ca
i;j is

opposite to that for cc
i;j: Therefore, cc

0;j ¼ cc
0;0 ¼ cs at z = 0,

cc
n;j ¼ cc

n;0 ¼ cca and ca
m;j ¼ ca

m;0 ¼ cac at z = l, ca
0;j ¼ ca

0;0 ¼
ca0 at z = L, and za

i ¼ L� iDza for 0 B i B m.

Consequently, we obtain

4 1þ r/
� �

c/
1;jþ1 � p/

i v/
jþ1 þ 2r/

� �
c/

2;jþ1

¼ 4r/ � p/
i v/

j � p/
i v/

jþ1

� �
c/

0;0 þ 4 1� r/
� �

c/
1;j

þ p/
i v/

j þ 2r/
� �

c/
2;j þ r/

c c/
2;j � c/

0;j

� �2

ð6aÞ

for i = 1,

Fig. 3 The schematic concentration profile of C along the diffusional

direction in the c and a phases at t = tj
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p/
i v/

jþ1�2r/
� �

c/
i�1;jþ1þ4 1þ r/

� �
c/

i;jþ1

� p/
i v/

jþ1þ2r/
� �

c/
iþ1;jþ1¼ 2r/�p/

i v/
j

� �
c/

i�1;j

þ4 1� r/
� �

c/
i;jþ p/

i v/
j þ2r/

� �
c/

iþ1;jþ r/
c c/

iþ1;j� c/
i�1;j

� �2

ð6bÞ

for 1 \ i \ k - 1, and

p/
i v/

jþ1� 2r/
� �

c/
k�2;jþ1þ 4 1þ r/

� �
c/

k�1;jþ1

¼ 2r/� p/
i v/

j

� �
c/

k�2;jþ 4 1� r/
� �

c/
k�1;j

þ p/
i v/

j þ p/
i v/

jþ1þ 4r/
� �

c/
k;0þ r/

c c/
k;j� c/

k�2;j

� �2

ð6cÞ

for i = k - 1. Here, r/, r/
c and p/

i are defined as

r/ � D/Dt

Dz/ð Þ2
; ð7aÞ

r/
c �

oD/

oc/

Dt

Dz/ð Þ2
ð7bÞ

and

p/
i �

iDt

kDz/
; ð7cÞ

respectively. In Eqs. 6 and 7, k = m and n for / = a and c,

respectively. The migration rate va
j or vc

j of the c/a interface

at t = tj is obtained by the equation

vc
j ¼ �va

j

¼ qa 3ca
m;0 � 4ca

m�1;j þ 2ca
m�2;j

� �

þ qc 3cc
n;0 � 4cc

n�1;j þ 2cc
n�2;j

� �
; ð8Þ

where qa and qc are defined as

qa � Da

2 ca
m;0 � cc

n;0

� �
Dza

ð9aÞ

and

qc � Dc

2 ca
m;0 � cc

n;0

� �
Dzc

; ð9bÞ

respectively. Equation 6 is simply described with matrices

A, B, and C as follows.

AC ¼ B ð10Þ

Here,

A ¼

4 1þ r/
� �

�p1v/
jþ1 � 2r/ 0 � � � 0 0

p2v/
jþ1 � 2r/ 4 1þ r/

� �
�p2v/

jþ1 � 2r/ � � � 0 0

0 p3v/
jþ1 � 2r/ 4 1þ r/

� �
� � � 0 0

..

. ..
. ..

. . .
. ..

. ..
.

0 0 0 pk�2v/
jþ1 � 2r/ 4 1þ r/

� �
�pk�2v/

jþ1 � 2r/

0 0 0 0 pk�1v/
jþ1 � 2r/ 4 1þ r/

� �

0

BBBBBBBBB@

1

CCCCCCCCCA

; ð11aÞ

B ¼

4r/ � p/
1 v/

j � p/
1 v/

jþ1

� �
c/

0;0 þ 4 1� r/
� �

c/
1;j þ 2r/ þ p/

1 v/
j

� �
c/

2;j þ r/
c c/

0;j � c/
2;j

� �2

2r/ � p/
2 v/

j

� �
c/

1;j þ 4 1� r/
� �

c/
2;j þ 2r/ þ p/

2 v/
j

� �
c/

3;j þ r/
c c/

1;j � c/
3;j

� �2

2r/ � p/
3 v/

j

� �
c/

2;j þ 4 1� r/
� �

c/
3;j þ 2r/ þ p/

3 v/
j

� �
c/

4;j þ r/
c c/

2;j � c/
4;j

� �2

..

.

2r/ � p/
k�2v/

j

� �
c/

k�3;j þ 4 1� r/
� �

c/
k�2;j þ 2r/ þ p/

k�2v/
j

� �
c/

k�1;j þ r/
c c/

k�3;j � c/
k�1;j

� �2

2r/ � p/
k�1v/

j

� �
c/

k�2;j þ 4 1� r/
� �

c/
k�1;j þ 4r/ þ p/

k�1v/
j þ p/

k�1v/
jþ1

� �
c/

k;0 þ r/
c c/

k�2;j � c/
k;j

� �2

0

BBBBBBBBBBBBBB@

1

CCCCCCCCCCCCCCA

ð11bÞ
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and

C ¼

c/
1;jþ1

c/
2;jþ1

c/
3;jþ1

..

.

c/
k�2;jþ1

c/
k�1;jþ1

0

BBBBBBBBB@

1

CCCCCCCCCA

� ð11cÞ

The matrix C consisting of the unknown composition c/
i;jþ1

is calculated for the matrix B containing the known com-

position c/
i;j from Eq. 10. As can be seen in Eq. 11a, the

matrix A is tridiagonal. Hence, the calculation can be easily

conducted by an appropriate linear algebra technique even

for a large number of k [70].

Results and discussion

Diffusion coefficient

The diffusion coefficient Dc of C in the c phase of the binary

Fe–C system was experimentally determined by Wells et al.

[62] and Smith [63]. Their experimental results indicate that

Dc varies depending on the composition of the c phase as well

as the temperature. On the basis of their results, the depen-

dence of Dc on the composition and the temperature was quan-

titatively analyzed by various researchers [71–73]. According

to a recent analysis by Ågren [73], Dc is mathematically

expressed as a function of y and T by the following equation.

Dc yð Þ ¼ 4:53� 10�7 1þ 8339:9y 1� yð Þ
T

� 	

� exp � 1

T
� 2:221� 10�4

� �
17767� 26436yð Þ

� 	
: ð12Þ

Here, y is the site fraction of C in the interstitial site of the c
phase, and Dc is measured in m2/s. The term Dc(y)

explicitly indicates that Dc is a function of y. The site

fraction y is related with the mol fraction x by the equation

y ¼ x

1� x
� ð13Þ

If Dc is evaluated using x instead of y, Dc is denoted by

Dc(x). For practical purposes, Dc(x) is approximately

related with Dc(y) by the following equation [72].

Dc xð Þ ¼ 1þ yð ÞDc yð Þ ð14Þ

The dependence of Dc on x and T in the c single-phase

region was calculated from Eqs. 12–14. The result is

shown as solid curves in Fig. 4. In this figure, the abscissa

indicates x, and the ordinate shows the logarithm of Dc. As

can be seen, Dc monotonically increases with increasing

values of x and T.

In contrast, as shown in Fig. 1, the solubility of C in the

a phase is very small. Consequently, unlike Dc, Da is

considered independent of the composition. In such a case,

Da is expressed as a function of T by an ordinary Arrhenius

equation as follows.

Da ¼ Da
0 exp � Qa

RT

� �
ð15Þ

Here, Da
0 is the pre-exponential factor, Qa is the activation

enthalpy, and R is the gas constant. According to a

literature [74], Da
0 is constant as

Da
0 ¼ 1:24� 10�5 m2=s; ð16aÞ

but Qa slightly varies depending on T as

Qa ¼ 99:5 1� 30:9

T

� �
kJ=mol: ð16bÞ

Migration behavior of c/a interface

According to the equilibrium phase diagram in the binary Fe–

C system of Fig. 1 [67], the temperature dependence of the

mol fraction x/h of C for the //(/ ? h) phase boundary is

expressed by the following equation in the temperature range

between T = Te = 1011.2 K and T = T3 = 1184.8 K.

x/h ¼ a0 þ a1T þ a2T2 þ a3T3 ð17Þ

The values of the coefficient ah (h = 0, 1, 2, 3) for xac,

xca, and xcgr are listed at the second, third, and fourth

columns, respectively, in Table 1. From Eqs. 12–16,

Dc = 7.20 9 10-12 m2/s and Da = 6.63 9 10-10 m2/s are

calculated at T = T3 and x = 0. On the other hand, the

Fig. 4 The diffusion coefficient Dc(x) of C in the c phase versus the

mol fraction x of C at T = 1020–1180 K calculated from Eqs. 12–14
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molar volumes of the a and c phases are estimated to

be Va
m ¼ 7:37� 10�6 m3=mol and Vc

m ¼ 7:30� 10�6

m3=mol from the lattice parameters aa = 0.2904 nm and

ac = 0.3647 nm of the a and c phases, respectively, at

T = T3 and x = 0 [75]. Hence, we obtain the ratios of

Da/Dc = 92 and Va
m

�
Vc

m ¼ 1:01: Although these ratios

will slightly vary depending on the temperature and the

compositions of the a and c phases, the difference between

Va
m and Vc

m is negligible compared with that between Da

and Dc. Consequently, we may assume that Va
m and Vc

m are

equal to each other and independent of the temperature

and the composition. Owing to this assumption, the con-

centration c is automatically replaced with the mol fraction

x in Eqs. 4–11. From these equations, the migra-

tion of the c/a interface was numerically calculated at the

temperatures of T = 1020–1180 K.

If the second term on the right-hand side of Eq. 3 is

negligible, Eqs. 1–3 can be analytically solved under the

initial and boundary conditions of Eqs. 4 and 5 [52]. In

such a hypothetical case, x/
i;j at tj = 1 s was evaluated by

the analytical solution using a value of Dc obtained at

x = xca. The evaluation was utilized as the starting value of

the numerical calculation at tj = 1 s. The numerical cal-

culation was iterated up to tj?1 = 4 9 104 s. During the

iteration, the position of the c/a interface z = l varies

depending on the annealing time t, but the positions z = 0

and z = L are fixed. As a result, Dza and Dzc change

depending on t. However, an appropriate constant value of

Dt was chosen to satisfy ra \ 0.5 and rc \ 0.5 in Eq. 7a.

Furthermore, a sufficiently large value of L was selected to

realize the following relationship for tj?1 = 4 9 104 s at

each temperature.

xa
0;jþ1 � xa

0;0








\10�10 ð18Þ

The result with xa0 = 0 and xs = xcgr is shown in Fig. 5.

Here, xs and x/
i;j are the mol fractions of C corresponding to

the concentrations cs and c/
i;j; respectively. In this figure,

the ordinate and the abscissa indicate the logarithms of l

and t, respectively, and the values of l at representative

annealing times are plotted as open circles. As can be seen,

the plotted points are located well on parallel straight lines.

Each straight line indicates the parabolic relationship

between l and t described as follows.

l2 ¼ Kt ð19Þ

The parabolic coefficient K in Eq. 19 is plotted as open

circles against the temperature T in Fig. 6. In this figure,

the ordinate indicates the logarithm of K, and the abscissa

shows the reciprocal of T. The temperature dependence of

Fig. 5 The migration distance l of the c/a interface versus the

annealing time t at T = 1020–1180 K by the numerical calculation

shown as open circles. Parallel solid lines indicate the parabolic

relationship of Eq. 19

Fig. 6 The parabolic coefficient K versus the temperature T by the

numerical calculation shown as open circles. A solid curve indicates

the corresponding result obtained from the analytical solution

reported by Jost [52]

Table 1 Values of the coefficient ah (h = 0, 1, 2, 3) in Eq. 17 for xac,

xca, and xcgr in Fig. 1

xac xca xcgr

a0 3.458780 9 10-2 2.605633 4.747339 9 10-2

a1 -8.803226 9 10-5 -6.119819 9 10-3 -2.305500 9 10-4

a2 7.957676 9 10-8 4.844269 9 10-6 2.856705 9 10-7

a3 -2.524968 9 10-11 -1.295752 9 10-9 -7.307500 9 10-11
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K may be expressed by an Arrhenius equation with certain

accuracy as follows [54–56].

K ¼ K0 exp �QK

RT

� �
ð20Þ

Here, K0 and QK are the pre-exponential factor and the

activation enthalpy, respectively. As can be seen in Fig. 6,

K monotonically increases with increasing temperature T.

In the temperature range of T = 1080–1140 K, the open

circles lie well on a straight-dashed line. Thus, in this

temperature range, the temperature dependence of K is

described by Eq. 20. The dashed line gives K0 = 2.72 9

102 m2/s and QK = 284 kJ/mol. On the other hand, the

open circles are located on the upper side of the dashed line

at T [ 1140 K, but on the lower side of the dashed line at

T \ 1080 K. Such a complicated temperature dependency

of K was recognized also for the growth of the c phase due

to the reactive diffusion between the Fe-rich a1 phase and

the Cr-rich a2 phase in the binary Fe–Cr system [59]. As

shown in Fig. 1, the solubility range of the c phase in the

binary Fe–C system varies depending on the temperature. In

such a case, QK cannot be necessarily correlated with the

activation enthalpy of the diffusion coefficient in a

straightforward manner even at T = 1080–1140 K [60].

On the other hand, a solid curve in Fig. 6 shows the

corresponding result obtained by the analytical solution

mentioned above. As can be seen, the open circles are close

to the solid curve, but located slightly on the upper side of

the solid curve. For a comparison of K between the open

circle and the solid curve, the ratio rK of Kn to Ka is defined as

rK ¼
Kn

Ka

� ð21Þ

Here, Kn is the value of the numerical calculation, and Ka is

that of the analytical solution. The values of rK calculated

from Eq. 21 are plotted as open circles against the temper-

ature T in Fig. 7. As can be seen, rK is nearly equal to unity at

temperatures slightly higher than T = Te = 1011.2 K, but

gradually increases with increasing temperature. After

reaching to the maximum value at T ffi 1160 K; rK slightly

decreases with increasing temperature up to T = T3 =

1184.8 K. Therefore, the composition dependence of the

diffusion coefficient of C in the c phase results in acceleration

of the migration of the c/a interface at higher temperatures.

Nevertheless, the maximum value of rK is merely 1.11.

Hence, the influence is at most 11% of acceleration.

Comparison with observation

As mentioned in ‘‘Introduction’’ section, the carburization

of Fe was experimentally observed by Togashi and

Nishizawa [61]. In this experiment, the a phase of pure Fe

was isothermally annealed at 1073 K for various times up

to 9 h in a carburization atmosphere with the same activity

of C as graphite. Owing to annealing, the c phase is pro-

duced on the a phase, and gradually grows into the a phase.

The experimental values for the migration distance l of the

c/a interface are plotted as open symbols against the

annealing time t in Fig. 8. In this figure, the ordinate and

Fig. 7 The ratio rK versus the temperature T for the numerical and

analytical calculations in Fig. 6

Fig. 8 The migration distance l of the c/a interface versus the

annealing time t at T = 1073 K by the numerical calculation shown

as a solid line. Open symbols indicate the experimental result by

Togashi and Nishizawa [61], and dashed and dotted lines show the

calculations by Eqs. 19 and 22, respectively
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the abscissa indicate the logarithms of l and t, respectively,

and open squares and circles show the values of l at shorter

and longer annealing times, respectively. Although the plot-

ted points are slightly scattered, l is proportional to t for the

open squares, but l2 is proportional to t for the open circles.

Hence, the parabolic relationship holds in the late stages of the

migration. For the open circles, K = 6.31 9 10-12 m2/s is

evaluated from Eq. 19 by the least-squares method. In con-

trast, the proportional relationship in the early stages of the

migration is described as follows.

l ¼ vct ð22Þ

Here, vc is the proportionality coefficient that corresponds to

the migration rate of the c/a interface independent of the

annealing time t. For the open squares, vc = 2.71 9 10-8 m/s

is estimated from Eq. 22 by the least-squares method. The

dependencies of l on t calculated from Eqs. 19 and 22 using

K = 6.31 9 10-12 m2/s and vc = 2.71 9 10-8 m/s are

shown as dashed and dotted lines, respectively, in Fig. 8.

The dashed and dotted lines intersect at t = 8.6 ks. There-

fore, it is concluded that the migration of the c/a interface

during the isothermal carburization at T = 1073 K is con-

trolled by the interface reaction in the migrating interface at

t \ 8.6 ks but by the volume diffusion of C in the a and c
phases at t [ 8.6 ks. The transition of the rate controlling

process from the interface reaction to the volume diffusion

was experimentally observed also for the growth of a Ta–Sn

compound due to the reactive diffusion between Ta and a

bronze in a previous study [76]. On the other hand, the result

of the numerical calculation at T = 1073 K is shown as a

solid line in Fig. 8. As can be seen, agreement between the

solid line and the dashed line is satisfactory.

For the migration controlled by the interface reaction,

the migration rate vc is related with the driving force DGm

as follows.

vc ¼ MDGm ð23Þ

Here, M is the mobility of the interface. The temperature

dependence of M is described by the following equation of

the same formula as Eqs. 15 and 20.

M ¼ M0 exp �QM

RT

� �
ð24Þ

The pre-exponential factor and the activation enthalpy for

the migration of the c/a interface in Fe are reported to be

M0 = 5.8 9 10-5 mol m/J s and QM = 140 kJ/mol by

Krielaart et al. [77] These parameters provide M = 8.88 9

10-12 molm/J s at T = 1073 K. Inserting M = 8.88 9

10-12 molm/Js and vc = 2.71 9 10-8 m/s into Eq. 23, we

obtain DGm = 3.05 kJ/mol. This value is the driving force

for the migration of the c/a interface controlled by the

interface reaction under the given experimental conditions.

The transition of the rate controlling process from the

interface reaction to the volume diffusion was numerically

analyzed for the migration of the c/a interface owing to the

isothermal precipitation of the a phase in the c phase of

the binary Fe–C system by Krielaart et al. [77]. During the

precipitation, the volume fraction of the a phase gradually

increases with increasing annealing time, but the total

amount of C in the specimen remains constant independent

of the annealing time. Under such conditions, the nonequi-

librium compositions of the a and c phases at the migrating

interface for the interface reaction were numerically esti-

mated as functions of the annealing time. On the other

hand, in the case of the carburization, the total amount of

C in the specimen monotonically increases with increas-

ing annealing time. Consequently, their numerical model

cannot be readily applied to the carburization.

The concentration profile of C in the c phase at

T = 1073 K for t = 4 h reported by Togashi and Nishiz-

awa [61] is shown as open circles in Fig. 9. On the other

hand, solid curves indicate the corresponding result of the

numerical calculation in the present study. Furthermore,

open squares show xac and xca, and a vertical dashed and

dotted line represents the position of the c/a interface. As

shown in Fig. 8, the migration rate of the c/a interface is

slightly smaller for the numerical calculation than for the

observation. Hence, the c/a interface for the open circles

should be located lightly on the right-hand side of the

dashed and dotted line. For direct comparison of the con-

centration profile, however, the position of the interface for

Fig. 9 The concentration profile of C along the diffusional direction

across the c phase at T = 1073 K for t = 4 h by the numerical

calculation shown as solid curves, open squares, and a dashed and
dotted line. Open circles indicate the experimental result by Togashi

and Nishizawa [61]
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the observation is adjusted to that for the numerical cal-

culation in Fig. 9. As can be seen, agreement of the

concentration profile between the numerical calculation

and the observation is also satisfactory. Consequently, the

numerical calculation quantitatively reproduces the diffu-

sion controlling migration of the c/a interface during the

isothermal carburization in the binary Fe–C system.

Conclusions

The migration behavior of the c/a interface due to isothermal

carburization of the bcc-a phase in the binary Fe–C system at

the temperatures of T = 1020–1180 K was numerically

analyzed using the diffusion equation describing the flux

balance at the migrating interface. During the isothermal

carburization, the fcc-c phase is formed as a uniform layer on

a flat surface of the a phase, and then grows toward the a
phase. For the c phase, the diffusion coefficient Dc of C

monotonically increases with increasing concentration of C

[62, 63]. Hence, in the numerical analysis, Dc was expressed

as a function of the composition as well as the temperature.

The numerical analysis indicates that the square of the

migration distance l of the c/a interface is proportional to the

annealing time t as l2 = Kt. The parabolic coefficient K

increases with increasing temperature T but varies in a

complicated manner. Thus, the temperature dependence of

K cannot be simply expressed by an ordinary Arrhenius

equation. The composition dependence of Dc causes accel-

eration of the migration of the c/a interface. However, the

influence of acceleration is at most 11%. The numerical

analysis quantitatively reproduces the diffusion controlling

migration of the c/a interface during the isothermal carbu-

rization of pure Fe at T = 1073 K observed by Togashi and

Nishizawa [61].
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72. Ågren J (1982) Acta Metall 30:841
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